7.3 Translation and Partial Fractions

Recall in the examples of Section 7.2, the solution of a linear differential equation can be reduced to finding the
inverse Laplace transform of a function

P(s)
Q(s)

R(s) =

where the degree of P(s) is less than Q(s).
Question 1: How to decompose R(s)?

The following two rules describe the partial fraction decomposition of R(s), in terms of the factorization of the
denominator Q(s) into linear factors (rule 1) and irreducible quadratic factors (rule 2).

Rule 1. Linear Factor Partial Fractions

The portion of the partial fraction decomposition of R(s) corresponding to the linear factor s — a of
multiplicity n is a sum of n partial fractions, having the form
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4 e —
s—a (s—a)? (s—a)"

where A1, Ay, -+, and A, are constants.

Rule 2. Quadratic Factor Partial fractions

The portion of the partial fraction decomposition corresponding to the irreducible quadratic factor
(s — a)? + b? of multiplicity n is a sum of n partial fractions, having the form
A18+B1 A28+B2 4 4 An8+Bn
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where A1, As,--+, A,, B1, B3, -+, and B,, are constants.




Question 2: How to find F'(s — a) if F(s) = L{f(t)}?

Theorem 1. Translation on the s-Axis

If F(s) = L{f(t)} exists for s > ¢, then L{e™ f(¢)} exists for s > a + ¢, and
L{e"f(t)} = F(s — a).
Equivalently,
LTHF(s —a)} = e f(1).

Thus the translation s — s — a in the transform corresponds to multiplication of the orginal function of ¢ by
e,

Proof:

Fls — a) = /0 et (1)t = /O " emstlent f(1)]dt = L™ (1)}

We apply the translation theorem to the formulas for the Laplace transforms of ", cos kt and sin kt, we have
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Example 1 Apply the translation theorem to find the Laplace transforms of the functions.
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Example 2 Apply the translation theorem to find the inverse Laplace transform of the function.
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Example 4 Use partial fractions to find the inverse Laplace transforms of the functions.
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Thus  Ris= -4 2 + -5 7§L1 i1 -Q:I;
LR (--% +3 e )r%@

Example 5 Use Laplace transforms to solve the initial value problem.
z" — 4z = 3t; 2(0) = z'(0) = 0.
ANS : Re cal|

oqx"j = ¢* K@) - s o)? >£e6)o
OL{K”" 47(j: ,L?S‘tj (AHDIZ L on both gvoles o-,l 7%1%»\)
2 S K = 4 Kis) = =

> (s=4) Kis) = ==

S
3
= Xis) = —
) S (s=4)
A R
- Tom T ots
. A4+ B¢?
S:.(S:.__q_)
_ (A1) 4A
S (S* 4)
= §A+B—D :>§A;—23F
~4A=3 Y
T o
: .31z )
Als)- 2dt 2 g
= - 30
> K (D Z = _SL”)
-] 3 ) —i
o fX(S)E— 2 sah 71



